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On the Distribution of Long-Term Time Averages on
Symbolic Space
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The pressure was studied in a rather abstract theory as an important notion of
the thermodynamic formalism. The present paper gives a more concrete account
in the case of symbolic spaces, including subshifts of finite type. We relate the
pressure of an interaction function @ to its long-term time averages through the
Hausdorff and packing dimensions of the subsets on which @ has prescribed
long-term time-average values. Functions @ with values in R? are considered.
For those @ depending only on finitely many symbols, we get complete results,
unifying and completing many partial results.
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1. INTRODUCTION

Consider the Ising model whose energy of spin system is assumed to be

Enx(x)=—J ) x;x,—mHY x;
<J k> J

where J is a positive constant, m the magnitude of the atomic magnetic
moments and H the external magnetic field; the first sum is over all pairs
of nearest neighbor spins. The model may be generalized by removing the
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restriction to nearest neighbor interactions to k-range interactions (k >2).
For the generalized model, the energy can be rewritten as

N—1
Eyn(x)= ), ®(T’x)+ errors

Jj=0

where T is the shift map on the configuration space and @(x) = ®(x,,..., X)
is a function which depends only on the first k coordinates of x. The “Ising
problem” to calculate the free energy per spin F in the thermodynamic
limit:

1
F= —kT lim Nbg Z o~ (VKT) Ey(x)

N — oo

and other derived quantities as the energy and the specific heat at constant
field, the magnetization and susceptibility.

It is true that, in principle, an algebraic method provides a way to
calculate F. However, it is not very effective when k is large because the
maximal eigenvalue of a big matrix must be evaluated. In this paper, we
present a way to relate F to the long-term time average of @ defined by

or more exactly to the Hausdorff dimensions of the subsets {x : g4(x)=a}
of prescribed long-term time average values (see the formula at the end of
this Introduction). We prove an exact formula for the dimension in many
interesting cases (see Theorem 1 and Theorem 2).

The paper is written from a dynamical system point of view where we
use the terminology pressure instead of the free energy. Then we raise our
problem to study in the following way.

For a dynamical system 7: X— X and a finite number of subsets
Ajy,..., Ay in X, how often does a point x e X go into A4; for each 1 < j<d?
This is a multi recurrence problem, which was rarely treated before. We
shall tackle the problem by using a method different from the thermo-
dynamical formalism, which was usually used in the case d = 1. Indeed, the
thermodynamical formalism is a good theoretical method, but is not very
practical because the pressure function is difficult to effectively calculate.
For this reason we avoid to use it. It turns out that the results obtained in
this paper will actually provide a new method to explicitly calculate the
pressure functions for many finite range interactions on a one-dimensional
system of lattice particles.
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More generally, let @: X — R be a vector valued function. We would
like to know the possible values of the following limits, if exist, for different
points x

n—1

op(x)= lim 1 Y &(T’x)

n—oo N i=0

We call g4(x) the long-term time average or recurrence of x relative to @.
We also would like to measure the size of the set of points x such that
o4(x) is equal to a prescribed value. To be more precise, let

Ly={aeR?: a=04(x) for some xeR?}
For ae Ly, let
Egp0)={xeX:04(x)=0a}

What is the limit set L,? How big is the set Eg(a) for each ae L,?

The answers to these questions depend upon the dynamical system
(X, T). In the present paper we will discuss them in the special case of sym-
bolic dynamical space (2, T') where X' = {0, 1}, T is the shift on 2. It will
be proved that for any continuous function @, L, is a non-empty compact
convex set and that the Hausdorff dimension and the packing dimension of
E4(a) are equal to a certain concave function of « (Theorem 4). When &
is locally constant, we will give a more precise description of the set L, and
prove a formula for the dimension of E4(a) in a variational form
(Theorems 2 and 3). Closed form formulas are found in some special cases
(Theorem 1, see also the examples at the end of the paper).

There is a way to interpret (X, 7') as an interval mapping system by
taking X=1[0, 1), Tx =2x (mod 1). Because every real number x€[0, 1) is
developed dyadically into x=32_, x,,/2" (x,=0 or 1). Without confusion,
at least for dyadic irrational numbers, we will write x =(x,). Recall that
XY can be equipped with the metric p(x, y)=2""*% where n(x, y)=
inf{n>1:x,%#y,} and that the shift transformation 7 on X' is defined by
(X,)n=1(X,4+1)n>1. The space 2 being a metric space, different notions
of dimensions may be defined in the usual way (ref. 27, see also refs. 11 and
24). We shall use dim; A and dim, A4 to denote respectively the Hausdorff
dimension and the Packing dimension of a set 4.

The first historic example would be the following. For a e [0, 1], let

E(oc)={x=(xn)e[0,l): lim 1 i szoc}

n— oo l’lj.=1
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A. S. Besicovitch® and H. G. Eggleston!”) considered these sets E(a«) and
obtained that

dim; E(o) =h(a) + h(1 — o)

where h(a) = —alog, a with log, a =loga/log?2. It is noticed that this
example corresponds to @(x) =15 1), the characteristic function of the
interval [1/2, 1).

A natural generalization of the above case will be studied and a com-
plete answer will be given, which is the first result in the paper. Let k>2
be an integer and let a4, a,,..., o, be k real numbers in [0, 1] such that
o =ay= - =0, Let

E(al s Xgsenns O(k)

1 n
={x:(xn)e[0,l): lim - ) xj---xj+,-_1=oc,-,l<i<k}

n—oo N j=1
Let us also introduce the function

Aoy, Ay pery 0z ) = 2h( 05—y —tz) +h(og) —h(og 1) —A(1 — o)
k—2
+ Z ho;— 20 + 0 5)
j=o0
(where ag=1). Let {a;} ;‘=O be a sequence of real numbers. We say it is
convex if a;—20t; 1+ ;=0 (VO<i<k—2),
Theorem 1. Let E(ay,a,,..,a;,) be defined as above, where

1 =g =0y = - Zak>0
(1) If {o;} 5_, is convex, then E(a, &y,..., ;) # & and
dimg E(ay, 0y, az) =dimp E(oty, Gy, o) = A(0tq, Qg ey 0g)
(2) If {a;}5_, is not convex, then E(«,, &,,..., a;) = &.
The above situation corresponds to the function:

@(x):(xlax1x23"'>x1x2"'xk)’ (x:(xn)n>l)

For a general function @ which depends only on a finite number of coor-
dinates, we are also able to provide a satisfactory answer. Let 4, be the
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compact convex set of all probability vectors p= p(-) defined on X, =
{0, 1}* satisfying the restriction

p(xla"-, Xre—15 O) +p(x1a~~~7 Xp—1> 1)
=p(0’ Xqsees xk—l) +p(19 Xiseens xk—l)

(If k=1, there is no restriction). Define a map ¢: 4, — R? by

p(p)= ) p(x)P(x)

xeZy

Theorem 2. Suppose that @: X — R? is a function which depends
only upon the first k coordinates (k> 1). Then

(1) Lo=ep(4y).
(2) For aelL,, we have

dim Eg(a) =dimp Eg(a) = max H(p)

p:ped;, p(p)=a

ey X1, 0 ey X1, 1
H(p)= Z (X0 X;) l0E, p(x, Xi_1,0) + p(x, X1, 1)
X semes X p(xla"w xk)

A. Bisbas et al. have studied the special case @(x)=x;x,---X; Iin a
different way.>% We shall see that the result for this special case may be
deduced from either Theorem 1 or Theorem 2. The case @(x)=((1 —x;)
(1 —x5), (1 —x71) X5, x;(1 —Xx,), x; X,) studied by P. Billingsley in ref. 2 is a
direct consequence of Theorem 2. We shall see these in Section 8.

The formula in Theorem 2 is not explicit as that in Theorem 1. But
for concrete cases, the maximum in the theorem can be computed as an
explicit function of « and the domain L, may also be explicitly described
(see Section 8).

Our third result is a formal solution to the problem for those @ which
are Holder continuous in the sense that |@(x) — @(y)| < ™™ for some
constants ¢ >0, 0 <d < 1. For feR? let

P,(B)= lim llog {Z"f exp <[)’, nzl cD(zj)> dx}
n > j

n— oo =0

It is known that the above limit exists and the function P4(-) is analytic
and convex (see [32]). We call P4(f) the pressure function of @.
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Theorem 3. Suppose that @: X — R? is a Holder function. If
a=VP4(p) for some feRY then ae L, and

1

dimy Eg(a) =dimp Eg(a) = _log 3

({B.a) —Pa(p))

The theorem says that the image of RY under the gradient VP, is a
subset of L. It is usually a proper subset because boundary points of L,
may not be images of the gradient. The following result describes the situa-
tion for a continuous function @ (without further regularity like Holder
continuity).

Theorem 4. Suppose that ®: X — R? is a continuous function.
(1) Lg is a non-empty compact convex set.
(2) For any ae Lg, we have

dimy Eg(a) =dimp Eg(a) = A p(a)

where A 4(a«) is a concave function.

Let us give immediately a definition of the function A 4(a). For n>1
and ¢ >0, let f(a, n, &) be the number of n-cylinders (see its definition in the
next section) which contain a point x such that

LU
- Y O(T'x)—a|<e
n ;=
We define
1
Ay(a) = lim lim inf 128/ (%7:2)
>0 n— o 10g2n

The proof of Theorem 3 uses Gibbs measures. It is classical but our
consideration of vector valued function @ is new. Gibbs measures are also
used in the proof of Theorem 2 but in a unusual and indirect way. One
of the basic ideas in proving Theorems 1, 2, and 4 is to approximate
E(ay, ay,..., az) Or Eg5(a) by a sequence of homogeneous Moran sets.

What we state above is a kind of multifractal analysis. But it is a little
different from the multifractal analysis of measures to which the term “mul-
tifractal” is often attached. Let us mention(7-% 12 13. 15-17. 20. 21, 25, 26, 28-31, 33)
(it is far from exhaustive). Another kind of multifractal analysis was
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engaged in ref. 22 (see more references herein) where functions rather than
measures are studied.

The main feature of the present study consists in the following aspects.
The function @ (Theorem 4) is only continuous and the classical ther-
modynamical formalism doesn’t work no longer. Indeed, if @ is Holder
continuous, the thermodynamical formalism provides a formula involving
the pressure function (Theorem 3). But there is no effective way to compute
the gradient of the pressure and the formula is not practical. However, our
formula in Theorem 2 reduces the difficulty of calculation of pressure to a
concave programming problem on a convex set of finite dimension and this
programming problem is resolvable in many interesting cases. It should be
pointed out that even in the one dimensional case where @ is real valued,
there were few discussions on the boundary of L, and it is actually a subtle
question. Fortunately, formulas in Theorems 1, 2 and 4 are valid either for
interior points or boundary points. When @ is vector valued, it is worthy
to study the shape of L, which is not always as one imagines (Theorem 1,
see also ref. 23). Both results in Theorem 3 and Theorem 4 provide us the
following formula for pressure functions

Po(p)=inf (Cx, B> +log 2+ A(«))

In the case where @ depends only upon the first k coordinates (@ is a finite
range interaction), A(«) can be calculated by the formula in Theorem 2.
Therefore, when the sets {p: ¢(p)=a} is well understood, we may find
an explicit formula for A(a) and then an explicit formula for the pressure
function P4(f).

The materials are organized as follows. In Section 2, we introduce
some notation and present necessary known results which will be useful in
the sequel and to which the reader is asked to refer to when necessary. In
this introduction, the results are presented in an increasing order of
generality. But their proofs will be presented in an inverse order. So,
Theorems 4, 3, 2 and 1 will be respectively proved in Sections 3, 4, 5
and 6. The Section 7 is devoted to applications of Theorem 3 and the
Section 8 to applications of Theorems 1 and 2. In the last Section 9, we
point out how to generalize Theorems 2, 3 and 4 to subshifts of finite type.

2. NOTATION AND PRELIMINARY

We first give a list of notation which may be referred as to when it is
necessary. Then, for the convenience of the reader, we mention three
known results which will be useful.
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The following notation will be used.

2 {0, 1}*. Sequences in X, are called words of length k
x|, (x;)7_y if x=(x;) € 2. We sometimes write x|, =x;---x,
uv Uy Uy, fu=uy-u,eX,andv=v,---v,€2,,

L(x) n-cylinder consisting of y such that y|, =x]|,,.

We also write I(x],,)

var,(®) Supy| -y, |@(x) —@(y)l, |-| denoting the Euclidean norm
V(D) Y var,(®)

j=1

n—1
S(D, x) Y. &(T'x)

j=0

1
An(¢= X) ;Sn(éa X)

05(X) lim A,(P, x)

P(a, n, &) {xeZ:|4,(P, x)—a| <&}
F(o, n, &) {weX,: Iw)nPo, n,e)# I}
fla, n, &) Card F(a, n, €)

The following result concerns the existence of Gibbs measure.
Proposition 1.(%1432  Syppose that ¢: X — R is a function of sum-
mable variation, i.e., > .2, var,(¢) < co. There exists a unique probability
T-invariant measure u = u, such that

(L (x) 1
¢ <exp[ —nP 43720 ¢(T7x)] =¢

(VxeX,Vn=1)

where ¢ >0 and P are two constants.

The measure y is called the Gibbs measure of ¢. The constant P is also
uniquely determined by ¢ and is called the pressure of ¢.

For a general account of the different notions of dimensions, we can
refer as to refs. 11, 24, 27 and 34. Recall that the Hausdorff dimension and



Distribution of Long-Term Time Averages on Symbolic Space 821

packing dimension are g-stable and that if dim ; and dim denote respec-
tively the lower and upper box dimension we have

dim, A <dim z4, dimp,A4<dimy4 (VA)

Here is a very useful result for computation of dimensions, called Billingsley
theorem.

Proposition 2 (ref. 27, p. 99, see also refs. 2 and 35). Let (X, d) be
a (compact) metric space. Let 4 be a Borel probability measure on X. For
a Borel set £ X, we have a<dimy E<b if

1 B
HE) >0, EC{xeX:agliminfog'u(’(x))gb}
r—0 log r

For a Borel set F, we have ¢ <dimp F<d if

1 B
u(F)>0, Fc{xeX:c<limsupOg’i§g’(x))<d}
r

r—0
(B,(x) being the ball centered at x with radius r).

Now we discuss a class of Moran sets. Let {n;},-, be a sequence of
positive integers and {c¢,} ., be a sequence of positive numbers satisfying
ne=2, 0<cr<1, nyey <0 and nyc, <1 (k>=2), where 0 is some positive
number. Let

D=\) D, with Do={@}, Dp={(iy,. ir); 1 <i;<n;, 1<j<k}
k>0
If o=(01,,0,)€Dy, T=(7150, T,p) €D
T1seees Tpy)-
Suppose J be a closed interval of length 6. A collection F =
{J, :0eD} of closed subintervals of J is said to have a homogeneous
Moran structure if it satisfies

(1) Jy=1;

(2) For any k>0 and o€ Dy, Jﬂl, Iy w2oe ,J”,,k+ are subintervals

of J, and J“,mJ“j— & (i#j) where A denotes the interior of A;
(3) Forany k>1 and any ce D, _,, 1 <j<n,, we have

we define o *t=(0,,.., 0,

m>

|Jo'*j| _

s

where |A| denotes the diameter of A.
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Suppose that % is a collection of closed subintervals of J having
homogeneous Moran structure, E(F) :=(Vt>1 Usep, J, is called a homo-
geneous Moran set determined by # and the intervals in 7, = {J,; 0 € D,}
are called the k-order fundamental intervals of E(%) and J is called the
original interval of E(% ). It can be seen from above definition that for any
fixed J, {ny}x=1, {¢x} x>, if the positions of k-order fundamental intervals
are changed, we get different homogeneous Moran sets. We use .#(J, {n,},
{ck}) to denote the collection of all such homogeneous Moran sets deter-
mined by J, {n;} =1, {C}xs1. One may refer to ref. 18 and 19 for more
informations about homogeneous Moran sets. For the purpose of the present
paper, we only need a simplified version of a result contained in ref. 18,
whose simpler proof will be given here for the convenience of the reader.

Proposition 3. For any Ee.#(J, {n.}, {c}), we have

lognyn,---n,

dim E > lim inf
n—ow —l0gC1Cy Oyt

Proof. Denote by ¢ the right hand side of the above inequality.
Suppose >0. Let u be the probability measure concentrated on E such
that u(A)=(n,n,---n,) "' for any 4eZ. Let 0 <s<t By the definition
of ¢, there exists ¢ >0 such that

Nyfy - M(C1 o Cpp Mgy 1)* = C (Vk=1)

Let Uc [0, 1] be an arbitrary closed interval with |U| < ¢,. There exists a
positive integer k such that ¢ic, - ¢ <|U| <cicy--- . It follows that

(i) U intersects at most 3 |U|/c ¢y ¢4 (k+ 1)-order fundamen-
tal intervals;

(i1) U intersects at most 2 k-order fundamental intervals.

By using the inequality min(a, ) <a'~h* (0<s<1), we have

ﬂ(U)<m1n< 2 31U X ! >

2
NNy -+ Np C1Cp- - Cpy Mgy NyNy- Ny

1 3|U s
< | | 2173
NNy Mg \C1Cp - Cpyp 1M 41

1 6
<73s21—s |U|S<* |U|s
4 4

This implies dim, E>s then dimgz E>1¢t. |
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We can define homogenous Moran set in 2 by identifying cylinders
with intervals. The same result holds. It is actually this result that we shall
use.

3. PROOF OF THEOREM 4

We divide the proof into small steps. There is a simpler argument for
proving that L, is a non-empty convex set. But we are content with an
elementary and direct proof.

Step 1. Ly is non-empty and bounded. For any p-periodic point x,
ie, T?x=x, we have g4(x)=A4,(P, x). So, Ly contains A,(P, x). The
boundedness of L, is implied by the boundedness of @.

Step 2. Closedness of L. Suppose a;€ Ly such that lim;_,  a;=a.
We want to prove a € L,. We can find a sequence of points x? € X and a
sequence of integers 7,7 oo such that x¥e P(a;, n;, 277). Let @;=x"], .

Choose m;=2"i+1. Then define a sequence in 2 as follows
a):wlwl ...w1w2w2...w2w3w3...a)3...
ml mz M3

We are going to show that o ,4(w)=oa. Following the construction of w, we
cut the set of non-negative integers into disjoint groups such that each of
the first m; groups, noted Ny i,..., Ny ,,, has cardinal n, and each of the
next m, groups, noted N, y,.., N, ,,, has cardinal n, and so on. For any
i=1 and any 1 </ <m;, we have

Z ¢(Tjw)_Sni(¢9 x(i)) < an(¢)
jeN,-!/

For any n sufficiently large (n>mn,), there are unique integers k and
0<g<my,, such that

MR+ Iy + Gl Sn<myng+ -omgne+ (g + 1) ng iy

From the above obtained inequality, it follows that

myng+ omyny +qny g —1 ] k )
¢( Tjw) - Z miSni(dja x(l)) - CIS

=0 i=1

(@, x+D)

[ ES

k
<Y mV, (D) +qV, (D)

Pyl
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Recall the following elementary result, called Stokes theorem. Let {a,} be
a sequence of real numbers and {b,;} be a sequence of positive numbers
such that >»7_, b,— co. Suppose lim;(a;/b;)=«. Then Ilim,(>7_,a;/

"_,b)=o From the last inequality, the fact n='V,(®)—0 and the
Stokes theorem, it follows that the subsequence A4,(®, w) (n=mn;+ ---
+ myny +qng ;) tends to «. In order to pass the subsequence through to
the whole sequence, it suffices to notice that

n—1
Z D(T’w) = O(ny. 1) = O(log my) = o(n)
J=mpnp+oomym gy
and that
lim " -1 1

nooo Mgy + - Mhg + Gl

Step 3. Convexity of L,. It suffices to show the rational convexity
in the sense that if a, f € L, and p, ¢ are positive integers, then (pa + gf)/
(p+q)eLy. Take xe Ey(a) and ye Eg4-(f). For n>=1, construct a finite
sequence

wn:x|n"'x|ny|n'”y|n
e

P q

Then construct an infinite sequence w =w;w,---. As in Step 2, we can see
that for any n>1,

|S(p+q)n(¢’ w)_pSn(¢’ X) _an(¢’ y)' <(P+Q) Vn(¢)

This, together with a similar but simpler argument as in Step 2, allows us
to get og(w) =(pa+qpf)/(p+q). 1

Step 4. For ae€ L,, we have

1
lim limsup 28/ )
e—0 n— oo 10g 2"

lim lim inf 28/ (%7 2)
e—>0 n—o oo lngn

We want to show that as a sequence of n, log f(«, n, &) shares a kind
of subadditivity. That means, for any ¢ >0, there is a N such that

[ fla, n,e)]" < fla, nm, 2¢) (Vn=N,¥Ym=1)
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In fact, suppose w,..., w,, € F(a, n,&). Let o=w;---w,,. If xel(w), again
by the argument in Step 2 we get

| @, X) — nma| < nme +mV, (D)

It follows that we F(a, nm,e+n"'V,). Consequently, since different
choices (w,,..., w,,) produce different w,

[ (o, n,8)]" < flot, nm, & +n ="V (@)

Take a sufficiently large N so that n='V,(®) <& (n> N). Thus the claimed
subadditivity is proved. By using the subadditivity, it is easy to see that

log flo,n.8) .. o1og flo n, 2¢)

i
1 sup log 2" n— oo log 2"

n— oo

which finishes Step 4. |}
Step 5. For ae Ly, we have dimp E5(a) < Ag(a). Let

Gla, m, g) = ﬂ {xeX |A(D, x)—a| <&}
It is clear that for any &> 0,
Eg0)= () Gla,m,e)

Note that if n>=m, G(a, m, ¢) is covered by the union of all cylinders /()
with w € F(a, n, &) whose total number is f(a, n, ¢). Therefore we have the
following estimate

log f(a, n, ¢)

V. Vm=1
log 2" (Ve>0, Vm )

dim z G(a, m, &) < lim sup

n— oo

On the other hand, by using the g-stability of the packing dimension, we
have

dimp E (o) < dimp < U G(a, m, 8)> <sup dimp G(a, m, ¢)

m=1 m

<sup dimy G(a, m, €)

m
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This, together with the above estimate and Step 4, leads to the desired
result. |

Step 6. For ae Ly, we have dimy Eg(a) = A 4(a). Given 6 >0. By
Step 4, there are /; 1 oo and ¢; | 0 such that

F(0, 4 ) > 200~

Write simply F/—F( 4, ¢;) and f,,—f( t

%, 7’ ] 7’
{/F} in the following manner

g;). Define a new sequence

L yeves C13 Upgeres Ui Cigenns 05

Vjouens Ujsen
e — e — e —

N N, N;

where N; is defined recursively by
N,-=2‘f+1+fol (j=2);  Ny=1

Let n;= f/* and ¢;=2" *. Define
j=1

We are going to show that @ < E4z(«). In fact, for any n( >¢;), there is a
unique integer J(n) such that

J(n) J(n)+1
Y lE<n< ) (F

i=1 i=1

The choice of N; implies that 7, ; = o(N;). It follows that

DY ST
el S R
Let x=(x,)€®. Let 4; be the set of integers between /§ + --- +/5F | +1
and /{ + --- + /. We have

J(n)

Z Z x)+0(/ J(n)+1)

Jj=1 keA
J(n)

=Y /Fa+o(1)+o(n)

j=1

=on+o(n)
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It follows that xe E,. Observe that @ is a homogeneous Moran set in X.
More precisely @ € .4(2, {n;}, {c;}). By Proposition 3, we have

1
dim , © > lim inf og(rmy - 1)
k—oo —log(cy- - CpCryiNpyy)

o og(fueeeSoe)
thlnf (:lk,A.l+Z,’é‘+k/;?+1
k — o0 10g(2 )
1 PR
=lim infw

k= log(27T +7F)

= Ag(x) =0 1

Step 7. Ag:Lgy—[0,1] is concave. For ae L, it is evident that
Ag(a) =0. Since f(a, n, &) <2", Agpla)<1. Now let a, fe L. Let p, g be
two positive integers. By the subadditivity proved in Step 4, for large n we
have

[, n, &) 17 [f(B, n, &)1 < flo, np, 2¢) f(J, ng, 2¢)
Let ue F(o, np, 2¢) and v e F(p, ng, 2¢). Take a point x € I(uv). We have
|S(p+q)n(¢7 -x) _npa_nQﬁ| <28”(1’ + Q) + Vnp(q5) + an(¢)

It follows that if n is sufficient large, uv € F((po+ qf)/(p +q), n(p + q), 3¢).
Consequently, for large n we have

fa, np, 26) f(B. ng, 26) < f (”“’ﬂ n(p+a), 3e>
p+tq

By the result in Step 4, we can get

P q p q
Lt agpr < g ()
p+qa T p+q ? *\p+q  p+q

We could say that we have proved the rational concavity of the (bounded)
function 4,. However, the concavity of A, is a consequence of its rational
concavity. To see this, it suffices to consider the one-dimensional case. ||

Let us make some remarks on Theorem 4.

Remark 1. L; is the closure of the set of all averages 4,(®, x) for
different p-periodic points x (p > 1).
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We have seen in Step 2 that all such averages are in L,. So, we have
to check that any point a € L, may be approximated by such averages.
Suppose & =g 4(x) for some x. For m > 1, let x be the m-periodic point
such that x|, =x]|,,. Then a =1lim,,_, . A,(®, x"™).

(o)

Remark 2. For aeL,, we have

dim Eg(o) =dim g Ep(a) = dim g Eg(a)
where

Eg(a)={xeX:limsup 4,(PD, x)=o}

n

Egp(0)={xeX:liminf 4,(P, x)=0o}

Let E(x) be the set of all x such that « is a cluster point of A,(®, x).
Since Theorem 4 is now available, we have only to show that
dim, E(a) < Ag(a) + 0 for any J > 0. By the result in Step 4, for some &> 0
we have

log f(a, n, ¢)

0
<4 5
log 2" o) +

I
im sup 5

Note that, E(a) = N*_, Up>m G, Where G, is the union of all I(w) with

w € F(a, n, ¢). Thus letting s = A 4(o) + 9, for any m >1 we have

flane)27< Y flune2™m<C Y 2702 o

n=1 n=1

Hy-w(B(0) <

n

g

4. PROOF OF THEOREM 3

The result of Theorem 3 was well-known for the one-dimensional case,
ie., d=1 (see ref. 13). The following proof for the high-dimensional case
consists in introducing the family of energy functions ¢z={f, @) (fe RY)
and considering the corresponding family of Gibbs measures puz:= oy
Denote

_ o Jog pg(1(x))
D(ug, x) —,,lin; log |1,(x))|



Distribution of Long-Term Time Averages on Symbolic Space 829

when the limit exists. By the Gibbs property of u, (Proposition 1), we get
the following relation

Dl )= —pog3 (Jim 1 (1S @m0} —ruip)

Since the measure uy is ergodic, by Birkhoff ergodic theorem, ugz-almost
everywhere we have

n—1

lim ! Z &(T/x) f D dug=VPqsp)

n%ool’l

(see refs. 5 and 32 for the second equality). Since a=VP4(f), it follows
that us(Eg(a)) =1 and for any x € Eg(x),

1
D(pp, x) = Tlog 2 ({B, VPo(S)) — Py(f))

Thus Theorem 3 follows from the Billingsley theorem (Proposition 2). |

5. PROOF OF THEOREM 2

5.1. Lemmas

Let 4;F be the set of strictly positive probability vectors in A, ie.,
p €4, such that p(x)>0 (Vxel)).

Lemma 1. 4;' is a dense subset of 4,.

Proof. Since 4, is convex and po=(1/2%..1/2¥)ed, for any
0<ée<1 we have

(1—e) dp+epocd;t

We get the desired result by letting ¢ > 0. |

For any o =(X;); < j<ntx—1, We define

Ny(&1,m &) =Card{1<j<n:x; , =¢,, 1 </<k}

Note that N(¢&q,..., &) 1s just the number of repetitions of the word ¢, - -- ¢,
in the word w. The following observation is immediate but fundamental
and is our starting point.
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Lemma 2. For xeX and n>1, we have

n—1

Y o(Tx)= ) N, (&15000r €1) D& 50mns E5)

j=0 & yeres &

where w, = (X;)1 < j<nii—1-

It follows that our problem is reduced to the study of the limits of
n_len(el,..., &) as n— oo. The possible limits will be described through
the following lemma.

Lemma 3. For any J >0, there is a constant N >0 such that for
every o= (x;)7X " 'eX, ,_, with n> N, there exists a probability vector
p € 4, having the property that for all (&,..., &) € 2,

e 8| <6, Plers ) B30T

Proof.  Denote @' = (X;)1< j<n—1)+x—1a0d 0" = (X, 1)1 <j<ctn-1)+5-1-
Observe the following relations

Nco(alsma Cr—15 O) +Nw(619'"s Cr—1> 1) :Nca'(sla'"’ sk—l)
Nw(oa &5 gk—l) +Nm(1: E15eens 8k—1) :an((';‘l,..., sk—l)

The first relation implies that n ~'N_(-) is a probability vector and the last
two relations imply

IN (&1 semes €15 0) + Noy(&1 s €1, 1)

—Ny(0, &1y € 1) = No(1, &4y &) < 1

Now we deduce by contradiction that the first claimed inequality in the
lemma holds. If the inequality didn’t hold, there would be a positive
number J,, a sequence of integers n;T oo and a sequence of words
con]_eanJrk_l such that for any p € 4, we have

anj(é‘l,..., Ek)
}17_ p(gl,..., gk) 2 50 (SOl’Ile (81,..., Sk))
J
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Since the set of probability vectors is compact, we can suppose that
nj_le (-) converges. Denote its limit by p, which is in 4, by the above
1

observation. Now note that the last inequality is violated by p, which is a
contradiction. Thus we have proved that there exists p € 4, such that

Nconj(gl 0oy gk) 0o
= PlErn ) | <5
n; 2

J

(For convenience, we take /2 in place of §). Let p,=(1/2%,..., 1/2%) and
p'=(1-=06/2)p+(6/2) py.- It is easy to check that this p’ is what we
want. ||

The following lemma is actually already obtained in the proof of the
preceding lemma.

Lemma 4. If n;lenj(-)—>p(-), then pe 4,.

5.2. Proof of Theorem 2
Now we prove Theorem 2 by four steps.

Step 1. Lg< @(4,). Suppose ae€ L. Then there is a x=(x;)eX
such that g4(x) =o. We want to show a e ¢(4,). By Lemma 2, we have

pnot
- Y D(Tx)= ) n7'Ny (&1, &) P1 s &x)

Jj=0 € 5ees &

where @, =(X;) < j<n+x_1- There is certainly a convergent subsequence of
n_len( -), whose limit p is in 4, by Lemma 4. It follows that « =¢@(p). |

Step 2. (4 )< Lg. Actually, we will prove that if a=¢(p) with
ped;, then

Ep(a) # O, dim 4 Eg(a) = H(p)
For ¢,,..., g, € 2, write

P(&1ss Eg)
P(E1sews €15 0) + p(Eqyes €1, 1)

(&) &) =
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Since p is strictly positive, 7 is a well defined function on 2. Then, for any
n>=1, define a function ¢, on X, as follows. If n <k, let

Gl @y ses @) =Y, Py ey Ay €1 s €4 )
Ifn>=k, let
(@1 ey @) = P(A1 ey Q) WAy Qg 1)+ Uy _fe i 150s Ayy)
Using the fact #(&q,..., €. _1, 0) + t(&1,..., & _1, 1) =1, it is easy to check that
7:1(0) +¢,(1)=1

z qn+l(a1:--~a ay, 8n+1) = qn(als-": an)

Entl

an+ 1(813 als-"a an) = qn(al 9eeey an)

€1

By the first two equalities above and the Kolmogorov consistent theorem,
there exists a unique probability measure v, such that

vp(In(alﬁ“'s an)) = qn(al 900y an)

By the third equality, v, is T-invariant. It is clear, from the definition of ¢,,,
that v, shares the Gibbs property relative to the energy function defined by

Y(x)=log t(xy,...., Xz), x=(x;)eX

The measure v, being ergodic (see ref. 6), according to the Birkhoff ergodic
theorem, for v,-almost all xe 2" we have

05(X) =j Ddv,

P
= Z @(81 ERE Sk) Qk(gl ERE) gk)
& semes €
= Z D(&150s &) P(E1seens Ekc)
& peens &
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This implies v,(Eg(a)) =1 and then Eg(a)# . The ergodic theorem also
implies that for v,-almost all x € X we have
"=t oy(Tx) 1

LX)
] — I
A g A L nlog2 logzL‘”de (p)

So, the estimate on the dimension follows from the Billingsley theorem
(Proposition 2). |

Step 3. @(4;)\p(4;")=Lgs. We want to prove the same results as
in the Step 2 for a non-negative vector p.

Let o =¢(p). By lemma 1, there is a sequence of p,, € 4;" such that
lim,, p,, = p. Obviously lim,, «,, =« where a,, = ¢(p,,). By what we proved
in Step 2,

Using this fact, we are going to construct a homogeneous Moran set con-
tained in Egz(a). We claim first that for any m>1, ¢>0 and 6 >0, there
exists an integer n,, , =1 such that

f(ams n, 8) > 2n(H(pm)—6) (Vl’l > nm, &, 5)

In fact, we have

where
G(,, £ 8) = () P, 1, &)
n=/¢

By the o-stability of the Hausdorff dimension, there must be an /=
/(a,,, & 0) such that

oS,
oS,

dlmH G(O(m’ /’ 8) = dlmH E@(am) —5= H(pm) -

Since for any n>/, {I(w)} (we F(m, n, ¢)) is a net cover of G(a,,, Z, ¢), we
have

1
lim inf W} dim G(a,,. /, €) = H(p,,) —

N,

from which follows the claim.



834

Fan and Feng

Take now an increasing sequence ¢, >/ («,,, 1/m, d) such that

fa,,, £, 1/m) =2 HPw =9

Write simply F,, = F(«,,, /,,, 1/m) and f,,= f(«,,, {,,, 1/m). As in Step 6 of

the proof of Theorem 4, define

=1—[Ff
j=1

We are going to show that @ — E4(a), which proves E4(a) # J, and

1) 0
—5=H(p)—3

dimg @ > lim H(p,,) 7

m — oo 2

In fact, for any n(>4)), let J(n) be the unique integer such that

J(n) J(n)+1
Yir<n< ) (¥

i=1 i=1
The choice of N; implies that

Zl(n) / %

ZJ(n)+1 /* =1

hm

Let x=(x,)€ 0. Let 4; be the set of integers between /{ +

and /{ + --- + /. We have

J(n)

Sux)=> > &(T*x)+o(n)

j=1 keAj
J(n)
=) /FaF+o(l))+o(n)

Jj=1

where o is the sequence defined by «; as 7 is defined by /

S+ + 1

. It follows that

xekE,. Observe that O is a homogeneous Moran set, i.e., @e.Z([0,1],
{n;}, {cj} ). The estimate dim, @ > H(p) — J may be obtained in the same

way as in the proof of Theorem 4. ||

By now, we have proved the first assertion of Theorem 2 and that for

o€ Ly we have

dimy Eg(a)> max  H(p)

pEdy, p(x)=p
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Step 4. For ae L,, we have

dimp Eg(x) <  max  H(p)

pedy, p(a)=p

Denote the right hand side by d(a). For ¢>0 and n>1, let

= () {xeZ: mIS, (@, %) —al <c}

We have obviously

Es(a) clim sup B(n, €) (Ve>0)

n— oo

By the o-stability of the packing dimension and the inequality
dimp < dim g, we have only to show that

lim inf lim sup dimp B(n, &) < d(«)

e—0 n— oo

We are then led to find a cover of B(n, ¢) and estimate the number of cylin-
ders in it. Take the cover consisting of all cylinders I(xy,..., X, x_) con-
taining some y e B(n, ¢). Estimate now 7'(n, ¢), the number of all these
cylinders. In order to estimate 7'(n, ¢), we are going to divide the cover into
several classes of cylinders and then to estimate the number of cylinders in
each class. Let {n(ey,.., &)} be a system of 2¥ non-negative integers such
that

n(81 gees Sk) = Nco(gl 9eees gk)
1

= Y (&g &) P&y &) —| <&
n

for some we X, ,_,. We denote by 7 ({n(e,,..., &)} ) the collection of all
cylinders I(w) with o having the above mentioned property, and
I'({n(ey,..., &)}) its cardinal. Let % be the set of all possible systems
{n(€y s ) }. It is clear that the cardinal of Z, is at most n*. Then

T(n, &)=Y I({n(ey,m &)}) <n* max I'({n(ey .. &)})
where the sum and the supremum are taken over the set %,. Thus

log T'(n, &) < max I'({n(ey,e, & )})+ 0 <log n>
log2" = log 2" n
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Now let us estimate I"({n(e,,..., &)} ) through some conveniently con-
structed invariant measure. Since n(&q,..., &) = N(&15.-., &), by Lemma 3,
we can find pe 4,5 such that

G| &
——— (&g, &) | <&, P(E1 s &) >W

n
As in Step 2, we construct a measure v, by using this p. For any w =
(X)) ZF T e T ({n(eyse €} )y No(&q s €2) = 1(E1 s &). SO, We have

i=1

Xy X
Vp(](co)):w 1_[ 1 sy €)1 20
H(X ey Xg) A
é (&) 5eens &)
>2k+1 n H(&q yunny €4) "0 %
£l ey &

where (x;)*_,=w|,. Let a denote the right hand side of the above
inequality. Then

a-F({ateen 0} <0, (U Lya ()] <1

Combining the last two expressions gives

1 2k+1
F({n(sl,..., 8,()})<7< n t(ey,. ,gk)_"(el ----- &)
a &
Epo &g
Then
log I'({n(&,, £4)})
log 2"
1
<0 < 0;‘1; e> _ ¥ Mbgz HE 10 &2)

1o k

1
<0 < Of .s> S P(&1s 80) 1085 1(e1 s 4) + O(—z log €)
€] seens &

Note that ¢(p) is near « in the sense that

|(p(p) —O(l = Z p(gla"" 8k) ¢(81="'9 gk) — &

P&y &) —a| +2% || <(2° @] + 1) &
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where |@| means the maximal value of |@|. Now we can conclude that

log T'(n, ¢)
log 2"

1
<0<Og8>+0(—slog£)+ sup H(p)
n

pedy, lo(p)—al < (2¢||Bl+1) &

To finish the proof, let n —» oo then e > 0. |

6. PROOF OF THEOREM 1

6.1. Lemmas

Let n>k>2 be two integers, let w=(x;);_,€2,. It is natural to
introduce the following quantities. For 1 <i<k, define

P(w)=Card{l<j<n—i+1:x;--x;,, =1}

It is clear that P;(w) is the number of 1-blocks 1---1 of length i in the
sequence . Here by 1-block (of length i) in w = (x;)7_, we mean the words
of the form (x,,)7t">" with x,=1 for all j</ < j+i—1. Such a 1-block
will be said to be maximal if x;_;=x;,,=0 (with convention x,=0 and
X, +1=0). We shall be interested in those @ which are the heads of points
in E(ay,..., o). Our aim is to study the limit of n~'P;(w) as n tends to the
infinity.

In order to practically estimate P;(w) (we X)), we introduce another
system of k quantities which are defined as follows:

N*(w) :=the number of 1’s in w
N () :=the number of maximal 1-blocks in @

N,;(w) :=the number of maximal 1-blocks of length iin w (1 <i<k—2)

It is obvious that

Suppose w#1---1,0---0 (the two constant sequences). Observe that
w must be in one of the following four forms

190%120%. .. 1%0%, 0%1140%2]%...0%1%
190511%20%. .. 1%, 0%1140%2]%2...0%1%0%+1
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where 1 means a 1-block of length ¢ (>1) and 0° means a 0-block of
length s (=>1). When o is represented as above, we have the following
expression for the interested quantities

N*(w)=t,+ -+ +1,
N (w)=r
Ni(w)=Card{l<j<r:t,=i} (1<i<k—2)

Lemma 5. Suppose xe€(x;)€ E(ay,..., o). Let o= (x;)7_,€{0, 1}".
We have

N*(w)=o,n+o(n)
Ny(o)=(o; —ay) n+o(n)
Ni(w)=(0; =20 + ;) n+o(n) (I<i<k-2)
Proof. Clearly N*(w)=P{(w)=a,n+o0(n). Define a mapping
S:{0,1}"—{0,1}" by
O = (X1, Xo ey X)) > (X1 X2, X3 X300y Xpy_ 1 Xppy X;)

Let us observe the change of 1-blocks from w to Sw. A 1-block of length
rin o is reduced to a 1-blocks of length r—1 in Sw, with perhaps one
exception (when x,=1). This observation implies the following four
equalities

Piyi(w)=P,(Sw)+O(1)
N*(Sw)=N*(w)— N, (w)+ O(1)
N (Sw) =N (0)—N(w)+ O(1)
Ni(@)=N,(S""'o) + 0(1)

By using the first equality and the fact P,(w)= N*(w), we have
P(w)=P(S"'w)+0(1)=N*(S""'w)+ O(1)
This together with the second equality yields
Pi(w)=P,_(w)— N (S 2w)+ O(1)
Consider now

Py(w)=P(Sw)+ O(1)=N*(w)— N (w)+ O(1)
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Since P,(w)=oa,n+ o(n), we get
N*(w) = (o — %) n+o0(n)
Let now 1 <i<k—2. Consider

P (@) =N*(S"" o)+ O(1)
=N*(S'w)— N (S'w)+ O0(1)
=[N*(S"7w) = Ny(S"7'0)] = [No(S'™ ) = Ny(S™ ') T+ O(1)
=P;(w) —2N (S 'w)+ N,(w)+ O(1)
= Pi(w) =2[Pi(0) = Pi1(@) ] + Ni(w) + O(1)
T(hi)s toiether with P;(w) =a;n+ o(n) gives N, (w) = (o;—20; ;1 + ;1 2) B+
o(n).

Let n>k>2. For k non-negative integers n*, n,, n; (1<i<k—2),
define

A (*, g, Ny, 1)

={weX,  (N*(®), N (@), Ny N _5(@)) = (0%, By, Nysey Ny _5)}

Lemma 6. With the above notation, we have
Card o/ (n*, n,, ny,..., ny)
n,—1 n n
_[zcn n* — 1+C 1+C 1]C 1C'n —n : an—znl s =My

C* np—Ry— o T
n*—(k—2)n, +(k—=3)n +(k—4)ny+ --- +n_4

Proof. Let’s first remark the following elementary fact. Let m, n be
two positive integers. Then there are exactly C™~! different positive integer
solutions for the equation x;+ --- +Xx, =n Consequently, there are
cm—} | different integer solutions for

i+ ya=n, yi>k for 1<i<m

We account first all @ in the form 14011%20%...1%0% To get all such
w, we divide n —n* O’s into n, groups of respective sizes sy, ,,..., 5, . Then
we divide n* I’s into n,, groups of respective sizes 7y, t5,... 1, , I; of which
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are equal to i for each 1 <i<k —2. So, the number of those w is just the
number of solutions of the following system

1% sy+s4 - s, =n—n* 5,21 (1<i<n,);

2°, t1+t2+"'+tn*=n*

under the condition that among these n, integers f,,..,1, , there are n,
integers taking value 1, n, integers taking value 2,..., n, _, integers taking
value k—2; the remaining n,—(n,+ --- +n,_,) integers, if any, take
values greater than k —2 and their sum is n, —(n; +2n, + (k —2) n; _»).
According to the remark, there are C”+7,. , solutions (sy,..., Sn,)
satisfying 1°. The number of the solutions (¢,,..., ¢,«) of 2° is equal to

nCn M2
C Cn _”1 Cn e —hH— 3
x Cn N — —m_,—1
n*—(nl+2n2+ s+ (k=2)n_))—(k—=2)(n,—ny— - —m_,y)—1

The last factor in the above expression is obtained like this: After have
arranged 1-blocks of lengths 1, 2,..., k — 2 there are yet n* — (n, +2n, +
+(k—2)n,_,) I's. They are then divided into n,—(n,+ --- +n,_,)
groups each of which is of size strictly greater than k —2. By the remark,
the number of all possibilities is the number of solutions of the equation

Zi 4 +Zn*—(n1+~~~+nk,2):n*_(n1+2n2+ s (k=2)n,_y)

Thus the cardinal of the subset of elements of the form 140%1%20%...1%0%
in o/ (n* ny, ny,.., ) is equal to

n,—1 n n n,
C —n*— ClCnZ_n : an_znl cee—my_y
x Cly TR

e —
(k 2)n +(k 3)n1+(k Ay ey

In a similar way, we can consider the other three forms
051110%2] 2. .. 0%1%, 190%11%20%2... 1% 0%140%2]%2...0%]1%0%+

and obtain the desired result. ||

Lemma 7. Let n>m >/ be three non-negative integers, then

I R AR AN
n n n n n

where L(x)=x log x.
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Proof. By the following form of Stirling formula

log p!=plog p—p+3log p+0O(1)

we have
log C% =log m! —log /! —log(m —{¢)!
=mlogm—/log!{—(m—/¢)log(m—/)
+1[logm —log ¢ —log(m—¢)]+ O(1)
Therefore

1 1 1
—log Cf;lz[mlogm—/log/—(m—/)log(m—/)]+0<Ogn>
n n n

‘0 L —/ —/ 1
=Tlogﬂ—710gf—m logm +0<ogn> |
n n n n n n n

Forn=k>2 and ¢>0, let F(n, ¢) be the set of we X, such that
IN*(w)—a n| <en
[N ()= () —ay) n| <en
IN;{(0) — (ot; =20+ ;) 0| <én (I<i<k-—2)
and let

f(n, e)=Card F(n, ¢)

Lemma 8. If («,a,,..., a;) satisfies the convexity condition (1) in
Theorem 1, then

. —— log f(n,e) .. . logf(n,¢)
Iim lim ————=lim lim ————

=4
210 n>w  log2” 210 n>oo log2” (@1, tz0ms )

Proof. Without loss of generality, we give only a proof for the case
k=3.For n>3 and §>¢>0, let n* n,, n, be any integers satisfying
|n* —oyn| <en
Iny — (g —ay) n| <en

|ny — (o, — 20, +03) n| <eén



842 Fan and Feng

Let V(n* n,, n,)=Card o/(n* n,,n;). By Lemma 6, we have

Vin*, ng,n)=[2C" 1 +C . +C!,

n—n*—

1] C”l Cn 7n1

n*

It is easy to see that V(n* n,,n;)>0 only when n=n*>n, >n,,
nzn*+n,, n*—2n,+n,>0 and when n is great enough, there are
always such n*, n,,n,;. By Lemma 7,

1 1 1
zlog V(n*, n*,nl)zzlog(C” ChL- C"*_"1)+0<O§n>

- (e () G ()
n n n n
Y <n*—n1>_L<n*—2n*+n1>+0<logn>
n n n

Since
f(na 8): Z V(n*an*’nl)<n3 Sup V(n*an*anl)gn:ijp(nt 8)
n* n,,n n* n,,n

it follows that

log f(n, &)

1 1
p = sup -—logV(n* n,,n)+0 < 8 n>

n* n,,n n

Let n1 oo and then ¢ | 0, since L is continuous, it follows that

log f(n,e) . . log f(n,e&)
lim lim 7—11m lim ———
el0 n—> oo log el0 n— oo log 2"
1
= [L(oy) + L(1 —oty) = 2L(0ty —t3) — L(at3)
log2

— L(1 —20; + 0y) — Loty — 2065 4 at3) ]
=A(O(.1,O(2,O(3) I

6.2. Proof of Theorem 1

The basic idea is the same as that for proving Theorem 2. But here we
are going to estimate directly the dimension without using Gibbs measures.
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First we prove that dimp E(ay,..., o0p) < A(aq,..., az). Let ¢>0 be an
arbitrary positive number. If x = (x,) € E(«;,..., a), then (xq,..., x,,) € F(n, &)
when 7 is large enough (F(n, ¢) was defined before Lemma 8). That means

E(al 900y ak) < U G(/’ 8)
=1

where
G(/9 8): {y:(yn)EZVV”?/a (yla'"a ym)EF(mag)}

Note that if m>¢, G(/, ¢) can be covered by f(m, ¢) m-cylinders (see the
definition of f(m, ¢)). It follows that the upper box dimension of G(/, ¢)
does not exceed lim,, _, ., log f(m, ¢)/log 2™. By the g-stability of the pack-
ing dimension, we have

— 1
dimp E(aty,..., ;) < lim log f(m, &)

Ve >0
m— oo 10g2m ( 6= )

Letting ¢ - 0, we get the desired inequality.

Now we are going to show the inverse inequality. Vo > 0, by Lemma 8§,
there are a sequence of integers /; T co and a sequence of real numbers ¢; | 0
such that

S, 2))> 247905

As in the proof of Theorem 4, define new sequences {/*} and {¢*}. Then
let

”‘zf(/j*’gﬁ)s =277 (j=1)

J J

J i

o=1] 7, Y,=F({¥,¢¥)
j=1
We claim that @ < E(a,,..., ;) and dimg @ > A —J. Suppose x =(x;) € 6.
For any n( >m,), there is a unique integer J(n) such that
J(n) J(n)+1
i=1 i=1

Let w,=x;---x,€2,. Then

N*¥(w,) </l +ef ]+ - + 50 Lo+ €50 1]

N*w,) =l —ef T+ - + 45, [ —&ef,]
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It follows that

. N*w,)
11 = 1
n— oo n
Observe that
Ny(o,) <Cflog—oax+ef ]+ - + 45, 1lo — o +e5,) 1]
Ny(w,) =0 —oy—ef ]+ - + 5[ —ay—&f,]
SO,
. N, (o,
llm L=O{1—O{2
n— oo n

In the same way we can prove that

. N,
lim M:“i_zai+l+ai+2 (Isisk=2)

n— oo n

Thus we have proved that O c E(ay,..., o).

The set @ is a homogeneous Moran set, i.e., @ € .Z([0, 1], {n;}, {c;}).
The same calculation in the proof of Theorem 4 gives dim E(ay,..., o) =
A—0/2, (Yo>0). 1]

7. APPLICATIONS OF THEOREM 3

In this section, we first present an algorithm for computing the
pressure of an energy function which depends only on a finite number of
coordinates. Then we apply Theorem 3 to some special cases.

7.1. Calculation of the Pressure Function
For a function g: 2 —» R, let

n—1

1
plg)= 11m 710g2"f n g(T’x) d

Then P4(f) = p(exp{p, ®)). We are going to compute p(g) for g(x)
depending only on finite number of coordinates of x.
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Case I. g(x)= g(x;). Since

(= 1
[ Tl eTmde=2" Y glx)glx) - gx) o
2 j=0 xp---x,€{0,1}"
= (8(0)+ g(1))"

it follows that p(g) =1og(g(0) + g(1)).

Case Il. g(x)=g(x;, x,). We have

n—1
[ Tl aThyde=3 ¥ gl ) glxe, Xa) g% Xyy1)
Zj=0 Xy X, €40, 1} F
Let now
Gn(o): z g(x17x2)g(x2>x3)"'g(xn—laxn)g(xn>0)
xp---x,€{0,1}"
Gn(l): z g(xlaxz)g(x2’ x3)”'g(xn—19xn)g(xna 1)

Xp e x, € {0, 1}

Then, G,(0) and G, (1) satisfy the following recursive relation:
G,11(0)=G,(0)g(0,0) + G,(1) g(1,0)
G,1(1)=G,(0)g(0, 1)+ G,(1) g(1, 1)

Therefore

1 1
()= (1) oo =0 )
So,

n—1
[ 1 &(Tx) dx =447,
Z i 0

where | A4]|; denotes the norm of 4 defined by the sum of all absolute
values of its entries. Thus we get p(g) =log Spec(A) where Spec(A) denotes
the spectral radius of 4.

Case lll. g(x)=g(x;, x,, x3). We have

n—1

. 1
2| T aTmde=g ¥ gl w %) gl X Xa)

Jj=0 XX,y 0€ {0, 13742
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For any ¢, &,€ {0, 1}, set

G,(&1, )= Z g(X1, X3, X3) -+ 8(Xp0s Xpi 15 X 42)
x| X, 0€{0,1}7+2

Xn41 = Xnp2 =82

Then G, (¢, ¢,) satisty the following recursive relation:

G,.1(0,0)=G,(0,0)g(0,0,0)+G,(1,0)g(1,0,0)
Gn+1(03 1) Gn(0> 0) g(oa O> 1) +Gn(19 0) g(oa l’ 0)
G,1(1,0)=G,0,1)g(0,1,0)+ G,(1, 1) g(1, 1, 0)
G, 1(1,1)=G,0,1)g(0,1, 1)+ G,(1,1) g(1, 1, 1)
Thus
J 1 n
> [T e ds= s 101,
j=0
and
p(g) =log Spec(A4)
where
g(0,0,1) 0 g(1,0,1 0

0 £(0,1,0) 0 g(1,1,0)
0 g(0, 1, 1) 0 g(1, 1, 1)

Case IV. g(x)=g(xy,.., x;). In this general case, we can get
p(g) =log Spec(4)
where A = (a; ;)yx-1,,¢-1 is defined as follows. Write

k—1 k—1
i=1+4 ) g2 177 j=1+Y v, 2177 (¢,,v,=0o0r 1)
‘ /=1

Define

(0, &1y €1 1), if v;=0,v,=¢;,_;for2<j<k—1
a; ;=< 8L, &y, &6 1), if vy=1v,=¢_,for2<j<k—1
0, otherwise



Distribution of Long-Term Time Averages on Symbolic Space 847

7.2. Computation of dim Eg(a) by Theorem 3
In this section, we give two examples to show how the method

provided by Theorem 3 allows us to compute the dimension of E ().

Example 1. &(x)=(x,, x;X,). By the algorithm we have just dis-
cussed above, we get

Po(f1, B2) =log[ 1 +exp( S + )
+/(1—exp(fi; + B5))* +4 exp( ;)] —log 2

Write down

Lo = : <eﬁ1+ﬂz + et —ehth 4 2eﬂ1>
01 14efithy J(1—ePrth)? 4 4eh (1 —ehrth)2 4 geh
0P, 1

6'2/31 +2B, eﬂ] + 5,
= eﬂl+ﬁ2
02 1+ehr*ly J(1—ePitF)? 1 deh V(1 —ePih)? 1 4eh

Now taking f=(0, 0) gives us

11
VP4(0,0)= (2, 4>, P4(0,0)=1log2
o g1y op P
iy £ (5. 5) =~ o L VPAD)) — Palp)] =

It is a trivial result. Taking f=(1, —1) gives us

11
221+ /e)

1 1 1 1 1
dim, E( =, = log(1 (-
m <2 2(1+/2)> log2[°g( /o 2< 1+\/é>}

These results can be verified by the formula provided by Theorem 1.

VPu(f) =< ) Po(B)=log(1 + /o)

Example 2. &(x)=(xy, x5(1 —x;)). Note that a=(a;,a,)e Ly
means a; (resp. «,) is the proportion of word “1” (resp. “01’) in dyadic
development of points in E4(a). In this case, we have



848 Fan and Feng

a(B1, B2) =log[ 1 +exp(f,) +\/(1 —exp(f,))*+4exp(f, + f2)] —log2

0Py 1 < . e — by 2ehith >
e

0B 1+ebi+ J(1—ef)2taeh+re (1 —ePr)? dePith

oP, 1

< Dehit+h >
B, 1+eﬂ1+\/ — P2 fdePi P\ /(1 —ePr)? dehith

Taking = (0, 0) gives

Taking = (0, 1) gives

VP f) = <1, ﬁ>, PolB)=log(1 +/c)

2°2(1+/e)
. 1 \/; \/
dim, E( =, 1
m E<2 2(1+/§)> logZ[Og (1) 1+\/)}

These results are not directly covered by Theorem 1, but by Theorem 2.

8. APPLICATIONS OF THEOREMS 1 AND 2

8.1. ®(x)=P(x,)

We have L,=®(0) @(1) (the segment joining &(0) and &(1). For
owe Ly, we have

dimg Eg(a) =dimp Eg(a) = —ylog, y — (1 —7) logy(1 —7)
where

o —&(1)] |x— P(0)]

T o) —@(0) ") — a(0)]

The limit set is clear because 4,={p=(po, p1): Po, P1=0, po+
p1=1}. So, a=(ay, o,) =¢(p) iff a; =y and a, =1—y. Now it suffices to
write down the formula according to Theorem 2.
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8.2. P(x)=P(x,, x5)

For convenience, take the lexicographical order on 4,. That means
the elements in 4, are denoted and ordered by (xg o, Xq 1, X1, 0, X1,1)- It is
easy to see that

Ay={(a,b,b,c):a,b,c=0;a+2b+c=1}
It follows that
Lo={al,+2béy+ &5 :(a, b, b, c)ed,)}
where
& =9(0,0), & =320, 1)+ &(1,0)], &=2(1, 1)

In other words, L is the convex set generated by the three vectors &, &,
and &;. If (&;, &,, &) are not collinear, which implies d > 2, then L, is the
triangle of vertexes &,, &, and &,, and there is a one-to-one correspondence
between ae€ Ly and (a, b, b, ¢) € 4,. In this case, the dimension is equal to
H(p,) where p, is the unique vector corresponding to a, the bary-centric
coordinates of a. If (&,, &,, £5) are collinear, Ly is a segment and the maxi-
mum in Theorem 2 may be computed through the Lagrange multiplier
method. We point out that H( p) is strictly concave function on the simplex
consisting of all probability vectors p, because its Hessian matrix is

_p(0.1) 1
p(0,0)+ p(0,1)  p(0,0)+ p(0, 1)
~__pl0,0)
p(0,0)+ p(0, 1) p(0,0)+ p(0, 1)
~p(1,0) 1
p(1,0)+p(1,1)  p(1,0)+ p(1,1)
1 p(1,0)

p(LO)+p(1 1) p(1,0)+p(1, 1)
which is negative definite.

Example 3. If D(x)=((1=x)(1I —x3), (1 —x;1) x5, x1(1 —x5),
X1X,), then Lg is the triangle in R* of vertexes (1,0, 0, 0), (0, 1,1, 0) and
(0,0,0,1), and for any a=(a;); <;<4€ Ly We have

(o +00p)™1 %2 (03 Fy) 3+

o o o o,
aflaf2afags

dim g E (o) =dimp E4(a) =log,
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Let p=(a, b, b, ¢) e 4,. It suffices to observe that a=¢(p) iff «; =a,
o, =a3=>b and a,=c. This formula was obtained by Billingsley in ref. 2.
But, in ref. 2, it was not mentioned what happens when a e 4,\45".

Example 4. If &(x)=(x,, x;x,), then L, is the triangle in R? of
vertexes (0, 0), (1/2,0) and (1, 1) and for aa=(a,, a,) € L, we have

dimy E (o) =dimp E (o)
=a, log, a; + (1 —oy) log,(1 —oy)
— o, log, o, —2(0y —oty) log,(ay — ay)
— (1 =20y + a,) log,(1 —2a; + o)

The set L, is clear. Note that a = ¢(p) means o; =b + ¢ and ¢ =«,.
Recall that @ 4+ 2b + ¢ =1. From these three equation we get a =1 —20; +
oy, b=0;—0a,, c=a,. Now it suffices to write down the formula in
Theorem 2. This confirms Theorem 1 for k= 2.

Example 5. If &(x)=(x,, (1 —x,)x,), then L is the triangle in R?
of vertexes (0, 0), (1/2,1/2) and (1, 0) and for a = (et;, a,) € L We have

dimy E (o) =dimp E ()
=0y logy oy + (1 —ay) logy(1 —oy)
— 200, log, oy — (00 — ) logy (o —ay)

— (1 =0y —0) logy(1 —ay —ay)
Example 6. If &(x)=x,x,, we have L,=[0,1] and for a [0, 1]
dimy Eg(a) =dimp Eg(a) = H(p,)

where p,=(2x,—1+a, 1 —a—x,, 1 —a—x,,a)ed, where x,e[0,1] is
the solution of

X(1—a—x)2=(1—x)2x —1 +a)?
Note that @(0,0)=a(0, 1)=d(1,0)=0 and &(1,1)=1. Let p=

(a, b, b, c)eA,. Then a = @(p) iff a =c. It follows, from a + 2b + ¢ =1, that
L4 =10, 1]. Note that
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Hp) =log, <a jl— b>” <a —li)— b>b <b Z c>b (b 1— c>"
(a+b)*0(b+c)*e

aab2bcc

=log,

Introduce the variable x=a+5b. Since a+2b+c¢=1 and ¢c=a, we have
b+c=1—x,b=1—a—x and a=2x—1+« Consider H as a function of
x, which is concave. x, must be the solution of dH/dx =0. However

d—H—lo x(1 —ax—x)?
T T )2 —1+a)

dx

A. Bisbas® studied the above situation and obtained a different formula.
More general situation in the next subsection was also studied by
A. Bisbas.®” We shall obtain a result for it as a consequence of Theorem 1.

8.3. ¢k(X)=X1X2"'Xk

Our aim is to study the set Eq (ff) where @,(x)=x;x,---x; is the
product (not the concatenation) of the first & coordinates. Eg4 (f) is thus
the set of points x which have fn 1-blocks of length k in their first n coor-
dinates.

Introduce the vector valued function @®: X — R* defined by &=
(D, Dy,..., D) Where @;(x)=x,x,---x; (1<j<k). By Theorem 1, we
know that

Lo={(at, 0,y ) : 1 =ctg=0; > -0, 20, {a; }5_ is convex}
For 0 < <1, denote by Dy ; the section of L, defined by
Dy o ={(01, 0yt )t 1 =0tg= 0= -+ =0 =f, {a;} 5_, is convex}

It is clear that Dy, is a singleton and dim E4 (1) =dim E(1, 1,.., 1) =0.
If0<p <1, Dy is a convex set of dimension k — 1.

Theorem 5. For 0<f <1, we have

dimy Eq () =dimp Eg, (ff) =sup A(oy,.... a1, )

Dy
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where A is the function defined in Theorem 1. If 0 < f < 1, the supremum
is attained at the unique solution (&;,..., d;_;) of the system of equations

0
7A(O(1""7O(k—laﬂ):() (1<]<k_l)
oo

j
Proof. Since Eg(oty,... % _1, f) = Eg (), the supremum is bounded

by dimy E4 (f). According to Theorem 2, there is a vector probability
p € 4, such that

Y P(X ey Xp) Prl(X ey Xp) =

dim; Eg, (/) = H(p)

Denote

A

&= Y (X1 Xg) DX 100 X)) (1<j<k—1)

Again by Theorem 2, we have
dlInH E(P(ozl)"'a o,akfla ﬁ) 2 H(p)

It is sure that (&;,..., & _;) € Dy ; because (d,..., &x_;, f) € Lgy. Combining
the last two expressions involving H(p) gives the desired formula. We have
seen that (&y,..., &, 1) i1s the maximal point of A(-, ). Since A(-, ) is a dif-
ferentiable strictly concave function in Dy ., if we can prove that A(-, )
doesn’t attains its maximum on the boundary of Dy 4, (&;,..., d;_;) must
be the unique solution of the system. According to the definition of A, it
can be checked that for any boundary point &€ Dy, the directional
derivative

dA(a, B)

a F

where / is a direction pointing to the interior of Dy ;. This implies that
A(-, B) doesn’t attains its maximum on the boundary of Dg ;. |

8.4. O(x)= (D, (X1, Xzseees Xy )seves Py (Xq4 Xz seees X))

In the same way as above, we can deal with

¢(x) = ((Dnl(xl > X2 geens xk)!"'s ¢ns(x1 > X5y xk))
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where 1 <ny < --- <ng<kand @;(x)=x,x,---x; (1 < j<k). For example,
when @(x)=(x;x,, X1X,X3X,), for any («, f)e Ly we have dim E, ;=
A(X, o, P, B) where (£, $) is the solution of the system

9 A =0, L Aea v =0,
Ox dy

More generally, Theorem 2 may be used to deal with any function @

which depends only upon a finite number of coordinates. Consider just an
example.

Example 7. &(x)=x,—2x;x5+ 3x;X,X5.
Note that 45 is a 4-dimensional convex. For pe 45, let

x=p(0,0,0)+ p(0,0, 1), y=p(0,1,0)+ p(0, 1, 1)
z=p(0,0,1), w=p(0, 1, 1)

It may be checked that
@o(p)=2—-2x4+2y+2z—w

Suppose a€Ly with a=g¢(p). We get w=2—2x+2y+2z—a. Thus
H(p)= f(x, y, z) where

f(x,y,2)=F(x—z,z2)+ F(y—w,w)+ F(z, y—z)+ F(w,1 —x =2y —w)

with F(a, b)=h(a)+ h(b) —h(a + b). It can be proved that for a e L,, we
have

dim Eg(a) = sup  H(p)=f(X,7,2)

peds, p(p)=a

where (£, , £) is the unique solution of the system

0 0 0
7f(xayaz):09 7f(xayaz):0a 7f(xayaz):0
Ox dy 0z

We point out that F(a, b) admits + oo as its directional derivative at a
boundary point with a direction pointing to the interior of its domain of
definition.
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9. GENERALIZATIONS

Theorems 2, 3 and 4 hold for a symbolic space with more than two
symbols, say m symbols. It suffices to replace log, by log,, in the statements
of the theorems. More generally, these theorems can be generalized to
transitive subshifts of finite type. Let = {1, 2,.., m}™ (m>2) and T be the
shift on 2. Let 4= (a, ;) be a m xm matrix with a; ;€ {0, 1}. Define

Zi={x)eXa,, =1Vn=1}

Note that 7Y, =X ,. The system (X, T') is called a subshift of finite type.
Suppose further that all the entries of 4 are strictly positive for some
M > 1. Then the subshift is said to be (topologically) transitive.

The statement of Theorem 4 doesn’t change for transitive subshifts.
But in the definition of f(«, n, ¢), by a n-cylinder I(x,,..., x,,) we means

I(xla"'a xn): {(yn)GZA :yllea'"a yn:xn}

So, I(xy,..., x,,) is empty if a, %, , =0 for some 1 < j<n.

Let X', ; be the set of all sec sequences (Xq,ey X,,) such that a,, ., =1 for
all 1 <j<n Let 4, =4, , (associated to X' ,) be the set of proéaf)lhty vec-
tors p defined on X, ; such that

Z P(Xp ey X g, 1) = Z PJs Xpgey Xp_1)
i J

where the first sum is taken over i’s such that @, ;=1 and the second
sum is taken over j’s such that a;, =1. For a function &: X, RY
depending only upon the first k coordinates, define ¢: 4, — R?

Y. p(x) D(x)
y4 eEA, k
Formally, Theorem 2 also holds in the case of transitive subshift. But the

function H is

Zi p(xla"'> Xre—15 l)

P(X1 s Xg)

Z p(xla"-’ xk) logm

It is understood that p(x)=0if x¢ X, ,.
Since X'  is transitive, for any o =(x;)7_, €2, , and any 1 <x,<m,
there are 1< y,,..., ¥, <m such that

(xla"'a xnr ylr'"? nyl’ XO)GZA,n+M
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We call @ =(xq,.., X,, V1>» Var—1) an extension of w joining x,. The
essential change in the proofs of Theorems 2 and 4 is to replace finite
sequences which appear in different constructions of infinite sequences by
their extensions. For example, in Step 2 of the proof of Theorem 4, we
define

O=@ - DD Dy - Dy By - D3Dy -
my my my

where @, is an extension of x|, joining x|, but col is an extension of
xM1, joining x?|,; @, is an extension of x®1, joining x|, but @, is
an extension of x?1],, joining x°[; and so on.
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